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Abstract. The Hamiltonian of the trigonometric Calogero-Sutherland model 
coincides with a certain limit of the Hamiltonian of the elliptic Calogero-Moser 
^sj ' model. In other words the elliptic Hamiltonian is a perturbed operator of the 

trigonometric one. 

In this article we show the essential self-adjointness of the Hamiltonian 
^T of the elliptic Calogero-Moser model and the regularity (convergence) of the 

^^j' perturbation for the arbitrary root system. 

We also show the holomorphy of the joint eigenfunctions of the commuting 
(-H , Hamiltonians w.r.t the variables (x\, . . . , xjv) for the A^r— i-case. As a result, 

■^-^ ■ the algebraic calculation of the perturbation is justified. 

a 



1. Introduction 
£Sj ' The Hamiltonian of elliptic Calogero-Moser model is given as follows ([pi), 

On 



O 



A ; 



O. , , „, iAa : 



(1.1) W:= _I£ .^-i) J2 P^i-xj). 

^Ch ' where (3 is the coupling constant. 

This Hamiltonian reduces to that of the trigonometric Calogero-Sutherland model 



a 

^ ' by setting r — ► \j — loo, where r is the ratio of two basic periods of the elliptic func- 

•i-H . 

^ ■ tion. 

As for the trigonometric Calogero-Sutherland model, it is well-known for special- 
ists that their eigenstates are given by the Jack polynomials (or the A^r-i-Jacobi 
polynomials). So far, many researchers have studied the Jack polynomials and its 
g-deformed version, the Macdonald polynomials, and clarified various properties 
such as the orthogonality, the norms, the Pieri formula, the Cauchy formula, and 
the evaluations at (1, . .., 1). The Calogero-Sutherland model is extended to those 
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associated with simple Lie algebras. From this point of view the Hamiltonian (1.1) 
is called the AN-i-type. Studies of these models are being developed by using their 
algebraic structures. 

In contrast with the trigonometric models, the elliptic models are less investi- 
gated and the spectrum or the eigenfunctions are not sufficiently analyzed. There 
are, however, some important progress due to Felder and Varchenko. They clarify 
that the Bethe Ansatz works well for the j4jv_i-type elliptic Calogero-Moser model 
(m). Although this method may have applications to the spectral problem and 
indeed some partial results are obtained in the article (|H], [ll|]), we will employ 
another approach in the present article. 

In this article, we will add some knowledges of the elliptic Calogero-Moser model 
based on the analysis of the trigonometric model, which we will explain below. 

One topic is the essential self-adjointness of the elliptic Calogero-Moser model for 
the arbitrary root system. Firstly we will establish it for the trigonometric model 
by taking the Jacobi polynomials as its domain in the space of square integrable 
functions. We will obtain the elliptic version by perturbation. 

Second topic is to obtain the eigenvalues and the eigenfunctions of the elliptic 
Calogero-Moser model for arbitrary root systems. There are at least two ways to 
perform it. The one is to use the Bethe Ansatz method, which is valid only for the 
An-i case. From this viewpoint some results are obtained in (110, pTj). The other is 
to use the well-developed perturbation theory, which we will consider in this article. 
We regard the Hamiltonian of the elliptic Calogero-Moser model as the perturbed 
operator of the Calogero-Sutherland model by the parameter p = exp(27TT\/— 1). 
We have so abundant knowledge about the eigenvalues and the eigenfunctions of 
the Calogero-Sutherland model that we can apply the perturbation method. Then 
we will obtain the eigenvalues and the eigenfunctions as a formal power series of p. 
In general, such formal power series does not converge. For example, consider the 
operator H := — -^ + x 2 + ax 4 , then the formal power series of the eigenvalues and 
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eigenfunctions diverge for any a^O. However, in our cases, the formal power series 
converges if p is sufficiently small. The convergence is assured by the functional 
analytic method introduced by Kato and Rellich. We mean the convergence of the 
eigenfunctions in the L 2 -norm sense. 

The other topics are the holomorphy of the eigenfunctions, the relationship with 
the higher commuting operators, and giving the elliptic analogue of the Jacobi poly- 
nomials, which are valid for the An-i case. The Kato-Rcllich method does not give 
the holomorphy a priori. We will obtain the holomorphy by using several proper- 
ties of the Jack (or the An-i- Jacobi) polynomials. Thanks to the holomorphy, the 
eigenspaces of the second-order Hamiltonian are compatible with the higher com- 
muting operators. By considering the joint eigenfunctions of the Hamiltonian and 
the higher commuting operators, we see the well-dcfinedness of an elliptic analogue 
of the An— i- Jacobi polynomials. 

We remark that Langmann obtained the algorithm for constructing the eigen- 
functions and eigenvalues as the formal power series of p. (||) His algorithm would 
be closely related to our one which is explained in section |4.3| . 

There are some merits for the perturbation method comparing to the Bethe 
Ansatz method. The calculation of the perturbation does not essentially depend 
on the coupling constant /3 though the calculation of the Bethe Ansatz method 
strongly depends on j3. In addition, the Bethe Ansatz method is applied to the 
An -i type and p £ Z>i cases, but the perturbation method may be valid for all 
types and the coupling constant does not need to be an integer. 
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2. JACOBI POLYNOMIALS AND SELF-ADJOINTNESS 

The Hamiltonians of the trigonometric and the elliptic Calogero-Sutherland mod- 
els are respectively given by 



(2.1) H T :=-A+ J2 k a (k a -l)\a\ 2 (^ T — - 



agfla 



1 

4sm 2 {(a,h)/2) ~ 12 



(2.2) H E :=-A+ J2 k a (k a -l)\a\ 2 p((a,h)), 



agfla 



where the coupling constant k a is real and invariant under the action of the Weyl 
group k a = k wa , and p(x) = p(x; it, ttt) is the Weierstrass p function. For our later 
convenience, we have subtracted a constant term from the original trigonometric 
Hamiltonian. A is the Laplacian on T := t)R/27rQ v . By using the variable p = 
exp(2r7r-\/— 1), we often write TCe(p) = T~Ce in order to emphasize the dependency 
of p. In this notation, we have Ht = 7is(0). 

We first show that the Hamiltonian of the trigonometric model is defined on 
a dense subspace of L 2 (T,diJ,) w where fj, is the normalized Haar measure, and is 
essentially self-adjoint with respect to the inner product 



(2-3) (/,£):= / f-g. 

Jt 



We denote by || • || := (•, -) 1 / 2 the norm in L 2 (T,d[i). We define Ht and He on 
C 2 (T) W n D(V^), where D(V) denotes the domain of the multiplication operators 



in (2.1) and ( |2.2| ). Then we see that these operators are symmetric. 
If k a > 2, Ht has a C 2 -class VF-invariant eigenfunction 

(2.4) ft T A = £ A, 
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where 

(2.5) E = (p(k)\p(k)) - e , 

(2.6) e o = ^ E k a (k a -l)\a\ 2 , 

aeR+ 

(2.7) p(k) = IJ2 k * a > 

aGR+ 

(2.8) A= [] |sin(( a ^)/2)| fc °. 

o£R + 

Let C[P] be the polynomial ring of the weight lattice P. For each A, let e A denote 
the corresponding element, so that e A e M = e A+M and e° = 1. We also regard the 
element e A as a function on T by the rule e x (h) := ey^&< h ) where h € T is the 
image oi h € [)r. Let ttia for A € P + be the monomial symmetric functions 

(2.9) m A := \Wx\~ 1 ^e» A = ]T e", 

where W\ denotes the stabilizer of A in W . The set {toa|A £ P+} forms a basis of 
C[P] W '. Define the partial order -< in P by 

(2.10) v < p-&p- v e Q+. 

Let || • ||a and (•, -)a denote the norm and the inner product in L 2 (T, A 2 dp) respec- 
tively. 

Definition 1 (Hcckman-Opdam). There exists a family of polynomials {J^\p G 
P + } which consists of a basis of C[P] W satisfying the following conditions: 

(2.11) J l _ l = m l _ l + ^ u ^m v , 

(2.12) (J M , J„)a = 0, if pi- v. 

Let Ho := A~ 1 HtA. Then these polynomials are characterized by the operator 
Ho as its eigenfunctions. 

Proposition 2.1. 

(2.13) H Jfi = E^J^, 
where E^ = (p + p(k)\fj, + p(kj) - e . 
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It is well known that the normalized Jacobi polynomials J\ (A £ P+) form a 
complete orthonormal system in the space L 2 (T,A 2 d/j) w with the inner product 
(•; -)a if k a > 0. It follows that 

Lemma 2.2. Assume k a > 0. Then V := C[P] W A is a dense subspace in L 2 (T, d/s) w . 
Theorem 2.3. Assume k a > 2. Then Ht is essentially self-adjoint on V. 



Proof. From Proposition 2.1 and V C C 2 {T) W n D(V) we see that J A A are the 



eigenfunctions of Ht- Then the theorem is obtained from Lemma 2.2 since it 
implies that the range of (Ht ± i) is dense. D 

If < k a < 2, then A g C 2 (T) M/ U D(V) and V is not an appropriate domain 
for Ht- However Theorem |2.3| is generalized in the following sense in terms of the 
adjoint operator H T : 

Theorem 2.4. Assume k a > 0. Then H T \v is essentially self-adjoint on V . 

We rewrite He{p) — W(p)+Hti where W(p) = (He(p)~Ht) is a multiplication 
operator with 

(2.14) W(p)(h):= J2 k a (k a -l)\a\ 2 (p((a,h)) ' 



aeB. 



+ 



4sin 2 ((a,/i)/2) 12 



By the formula ( A . 1 3|) , we see that 



(2.i5) I|W(p)«|| < ||W(p)|UxHI, 

since the function W(p)(h) is a continuous function on T. This implies that W(p) 
is bounded. Hence we have H* E (p) = W(p)* + H T . 

Theorem 2.5 (|J]). Let — 1 < p < 1 and k a > 0. Tften H* E (jp)\v is essentially 
self-adjoint on V . 

Proof. The symmetry of the operator W(p) is trivial. Then we deduce that W(p) + 
H T \-p is essentially self- adjoint on V . D 

In the next section, we abuse the symbols Ht and He{p) for H T \v and Wg(p)|p. 
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3. Perturbation in the L 2 -space 

In this section, we employ the variable p with \p\ < 1 instead of r as a parameter 
of perturbation and treat mainly the gauge-transformed Hamiltonian defined below 
with k a > 0. For a linear operator T, we denote by D(T) its domain and by R(T) 
its range respectively. 

3.1. The resolvent in the L 2 space. For a bounded linear operator A, we denote 
by ||j4|| the operator norm, i.e., \\A\\ := supi| i| =1 ||^4u||a- We set 

(3.1) W( P ) := A-\H e (p) - Wt)A(= W(p)), 

(3.2) T{p) := A- 1 H E (p)A. 

Then T(p) = H a + W(p) is a closable operator on L 2 (T,A 2 dp) w with D(T(p)) = 
C[P], and particularly if —1 < p < 1, T(p) is an essentially self-adjoint operator. 
Here W(p) is a bounded operator on L 2 (T, A 2 dp) w with an upper bound, 

00 I In 

(3.3) \\w( P )\\ < w m Up) ■■= 4^ Y^q^r • E fc «( fc - " ^H 2 ' 



a£ii 



+ 



which is monotonous with respect to \p\ and tends to as p — > 0. 

Let T denote the closure of a closable operator T. Then T(p) for p E (— 1, 1) is 
the unique extension of T(p) to the self-adjoint operator. In particular Ho = T(0) 
is the self-adjoint extension of Hq. T(p) is a self-adjoint holomorphic family M. 
Notice that the spectrum of the operator Hq is discrete. Let u{Hq) be the set of 
the spectrum and let p{Hq) be the resolvent set of the operator Ho. We have 

(3.4) a(H ) = {(A + p(k)\X + p{k)) - e |A G P+}. 

The following proposition is obvious. 

Proposition 3.1. For each a G o~(Hq), the corresponding eigenspace {v e L 2 (T, A 2 dp,) w 
| Hqv — av} is finite dimensional. 
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For £ G p{H ), the resolvent (H — C) _1 is compact and ||(-Ho — C) _1 || = 
(dist(C,o-(-ffo))) _1 - We have 

(3.5) (H - C)" 1 Y, c ^ = E^ A - O^cxJx, 

A A 

where J^x c > J a £ L 2 (T, A 2 dp) w and H Jx = E\J\. The proof of the Kato-Rellich 
theorem also implies the compactness of the resolvent of T(p) for —1 < p < 1. 

If ||(flo-0 _1 W(p)|| < 1, then (flo-O^CfyO-C) = l + iHo-O^Wip) has 
a bounded inverse by Neumann series and thus T(p) — C has also a bounded inverse 

(3.6) (f(p) - C)- 1 = (1 + (H - C)- 1 W(p))- 1 (H - C)- 1 

= Jt(-(Ho-0- 1 W(p)Y(Ho-0- 1 - 

3=0 

In particular, if \\(Ho — C) _1 || < ll^(p)|| _1 ! then the bounded inverse of T(p) — ( 
exists. The right hand side of this expression implies that the resolvent of T(p) is 
also compact. By the equality || (Ho — C)~ l \\ = (dist(£, cr(iJo))) _1 and the equation 
(|Q|), the resolvent set p(T(p)) is included outside the union of the closed disks 

dist(C,a(Ho))<\\W(p)\\. 

Proposition 3.2. Let T be a closed operator with the resolvent set p(T). Let Y\, F 2 
be circles which are contained in p(T) and whose interiors are disjoint. We set 

P t :=--^= [ (T-Cr'dC (* = 1,2). 

27TV — 1 JTi 

Then we have P 2 = P t and P X P 2 = P2P1 = 0. 

Proposition 3.3. Let P. Q be bounded operators subject to P 2 = P, Q 2 = Q and 

|| P — Q|| < 1. Then we have rankP = rankQ. 

Proof. For u € R(Q), we have Pu = u + Pu — Qu due to Qu = u. Then 

(3.7) ||P U ||>(1-||P-Q||)|H|, 

which implies that P|r(Q) : R(<3) — > R(PQ) C R(P) is one-to-one and rankP > 
rankQ. Similarly we have rankP < rankQ and hence rankP = rankQ. □ 
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Let r C p(Sq) be a circle and let r — dist(T, <j(Hq)). Then there exists po > 
such that for all \p\ < pa, \\W{p)\\ < r and thus T C p{f(p)). Notice ||(i? — C) _1 | < 
r _1 on r. Let 



P r (p):=--4=/(f(p)-C)- 1 dC. 

ZlTy/ — 1 Jr 



IT 

Then we have 

(3.8) \\P r (p) Pr(0)|| < ^ jf ||(f (p) - C)" 1 - (#o - O^IIMCI 

(3-9) < ±- f J2 \\(H Q - C)- 1 ]K +1 ||W(p)ll : 'ldCI 

(310) < (Lf m \J^WML_ 

Fix a^ e <t(Hq). Since the set (j(Hq) is discrete, we can choose a circle L^ and 
< pi such that T.; contains only one element at inside it and Pi (p) = Pp i (p) 



satisfying \\Pi{p) — Pj(0)|| < 1 for \p\ < pi. By Propositions 3.2, |3.3^ we see that 
rank Pi (p) = rankPi(O) and in particular, Pi{p) is a degenerate operator. By the 
proof of Proposition |3.3| , we see that Vi(p) := R(P^(p)) is spanned by the image of 
Vi(0) = R(Pi(0)), i.e., the eigenspace of Hq with the eigenvalue a^; We choose a 
basis of Vi(p) as {Pi(p)J\ \ A such that H$J\ — aiJ\}, where J\ is the normalized 
Jacobi polynomial. One sees that Vi(p) is a finite dimensional invariant subspace 
of T(p) due to the commutativity of Pi(p) and T(p). 

Lemma 3.4. The matrix elements of T{p)\ Vi i p \ : Vi{p) — > Vi(p) with respect to 
Pi(jp)J\ are real-holomorphic functions of p. 

Proof. We define the functions c^(p) and d^(p) by 

(3.H) f(p)Pi(p)J x = ]T <(p)P(p) J M , 

(3.12) P(0)P(p) Ja = Y, <(P)J»- 

Then we see that P(0)f(p)P(p)|y i(0) : 7,(0) -+ V t (0) and P(0)P(p)|y i(o) : V t (0) -► 
Vi(0) are real-holomorphic. Equivalently, Y] c t ^{p)d v {p) and d^(p) are real-holomorphic. 
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By Proposition 3.3, Pi(0)Pi(p)\y.iQ\ or the matrix d^(p) is invertible, which implies 



c^(p) is real-holomorphic. D 

The matrix c(p) — (c^(p)) is symmetric. It is known that if all the matrix ele- 
ments of the symmetric operator on the finite dimensional vector space are real- 
holomorphic, then its eigenvalues and eigenvectors are real-holomorphic. (See H) 
Hence we have 

Proposition 3.5. The eigenvalues ofT(p) are real-holomorphic and coincide with 
ai when p = 0. The eigen] 'unctions are also real-holomorphic. 

Summarizing, we obtain the following theorem. 

Theorem 3.6. For each ai € (t(Hq), there exists pi > such that for —pi < p < 
Pi, the dimension of the eigenspace whose eigenvalues are included in |£ — a^| < 
W max {p) is equal to the dimension of the eigenspace of eigenvalue ai. Moreover the 
eigenf unctions and the eigenvalues depend on p real-holomorphically. 

If the coupling constants k a (> 0) are all rational numbers, we can estimate the 
eigenvalues uniformly. We will explain this below. 

Suppose k a are all rational. Let k a = fco,, num /fcdcn such that fc Qi num are integers 
and fcdon is positive integer. Let n be the minimal positive integer such that (P\P) C 
Z/n. Then we see that the spectrum of H is uniformly separated. To be more 
precise, if a, b e er(-ffo) and a ^ b, we have \a — b\ > l/nk^cn- Hence if we take po 
as 

(3.13) WWpo) - l/4nfc dcn , 

then there exists a set of circles Ti such that for \p\ < pq, each Ti c p(T(p)) contains 
only one element ai € (t(Hq) inside it, any two circles never cross, ||Pi(p) — Pi(0)|| < 
1, and every element of o~(T(p)) is contained inside of some circle T^. 
Therefore we have 
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Theorem 3.7. Suppose k a e Q>o and let po be defined in ( 3.1$ ). Then Th 



eorem 



3.L holds for pi — pa. All eigenvalues of T(p) on the L 2 (T, A 2 d[i) space are con- 
tained in ] J a£a ,jj x {CI \C ~ a \ < W / max(p)} for —po < p < pq. All eigenfunctions are 
real-holomorphically connected to the eigenfunction of Hq as p — > 0. 

4. Atv-1-CASES 

4.1. In section |3.1| , we considered the spectrum problem of the gauge-transformed 
Hamiltonian T(p) in the L 2 (T, A 2 d/i) w space and show that the perturbation is 
holomorphic by use of the theory of Kato and Rellich. 

On the other hand, it is known that there are commuting family of differential 



operators (e.g. (4.2) for the An-i case) which commute with the Hamiltonian. 

(I 0,1) 

In this section, we will investigate the relationship between the functions ob- 
tained by applying the projections Pi(p) and the commuting family of differential 
operators. As a result, we will prove that the perturbation series which is obtained 
by the algorithmic calculation is not only square-integrable but also holomorphic 
w.r.t. the variables of the coordinate. 

For this purpose, we will consider the spectrum problem in the C" (T) w -space. 

In this section, we consider the An-i cases. 

4.2. We introduce some known result for the An~i cases. 

We realize the A^-i root system in M. N . Let {ei}i = i j ... ] Ar be an orthonormal 
basis. The space I)* is defined by t)* := {h = J2i=i ^* £ il Si=i hi = 0}- The simple 
roots are {e^ — e i+ i\i = 1, . . . ,N — 1}. We set Xi — (/i|e»). 

Let us remind the Hamiltonian of the elliptic Calogero-Moser model, 
1 N d 2 — 

i=l » l<Kj<N 

This system is integrable, i.e., there exists sufficiently many commuting opera- 
tors. The existence and the explicit expressions are known in ([pi |?], 0]) etc. Here, 
we exhibit the Hasegawa's expression which will be used in the proof of Proposition 
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Later we will discuss the relationship between the expression of Ochiai-Oshima- 



4.1 



Sekiguchi ([[?]) and the one of Hasegawa (0). 
Following ([||]), we set 



\i\=i.Jdi v ' jei\J v J 

(4.2) W 4 := O{xfli.iO(x)- (1 < i < iV). 

where 0(x) := ni<i< 7 <jv $(( x i — X j)/^ 7T )^ @( x ) is the theta function defined in 



section A. 2 



The operators 7i,;, 7ii, H. act on the space of functions which are meromorphic 
except for the branches along Xj — Xk G 2tt(Z + Zr) (j 7^ fc). 

On this space, we have [7^^! , 7^i 2 ] = [Hi 1 ,Hi 2 ] = (1 < 11,12 < N) and [Hi,7i] = 
(1 <i < N). 

We set A :— rii<i<fe<jv s ^(( x j ~ £fc)/2). The function |A| is the ground-state 



of the trigonometric Calogero- Sutherland model (2.8), i.e. |A| = A. Although the 



function sin {{xj — ccfc)/2) may have branch along Xj — x^E 27rZ (j 7^ k), the opera- 
tors A~ 1- 7iA and A _1 7ii A do not have branch points if we rewrite the operators by 
using the commutation relations for A and -^—. We define the operators A _1 7iA 
and A~ 1 H.iA by the form on which the branch points had disappeared and we set 
H^ip) := K^UiA (1 < i < N). The action of the operator A _1 HA coincide with 
the one of the operator T(p) for the smooth functions on the real domain except 
for Xj = Xk {j 7^ k). From this reason, we adopt the notation T(p) — A _1 7iA. 
The operators T(p) and H^ l '(p) act on the space of meromorphic functions on the 
complex domain. 

The operator T{j>) is expressed by some combinations of H^ x \p) and H^ 2 \p). 

Proposition 4.1. The operators T(p) and H^ l \p) preserve the space C U {T) W , 
where T is the torus f)R/27rQ v . (Q v (~ Q): the coroot lattice of type A^-\) 
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Proof. Since the operator T(p) is expressed in terms of H^ x '(p) and H^ 2 '{p), it is 
enough to show the H^>{p) (1 < i < N) cases. The Weyl group of type An~i acts 
on the space of function on F)r by the permutation of the variable. We denote the 
action of a on f(x) by f(x a ). 

Let us recall the definition of C U (T) W , i.e., 



(4.3) 



C"(T) W = { f(x)€C"{R N ) 



f(x°) = f(x) (Va G W), 

f(x + 2n(e i -e j )) = f(x)(l<i,j<N) 



Let /(a;) be a function in (^"(r) 1 ^. From the definition of the operators H^ l \p) 
(1 < i < N), the function f(x) := H^ l '{p)f{x) satisfies the relations f( a x) = 
f{x) (Va G W), f{x + u^ =1 e 3 ) = f(x) (V« G R), /(x + 27r( Cil -e J2 )) = />) (1 < 
ji,h<N). 

It remains to show the holomorphy of the function f{x) on R . 

The function (^(x)/sin7rx)^ is non-zero holomorphic function in R, because the 
function 9(x)/ sin to is non-zero on R and does not admit any branching points on 
R. From the definition of the operators Hi (1 < i < N), the function H < - l '(p)f(x) 
does not have poles except for Xj x — Xj 2 + 2irk = (1 < ji ^ j% < N, fee Z) on R w . 
If the function H^(p)f(x) has a pole along Xj t — Xj 2 = 0, the order of the pole is 
one, but it contradicts to the Weyl group invariance of the function H^'(p)f(x). 
Therefore the function H i - l '(p)f(x) is holomorphic along Xj x — Xj 2 = 0. 

The holomorphy along Xj x — Xj 2 + 2irk = (k E Z \ {0}) follows from the 
periodicity of H^(p)f(x). □ 

From the commutativity of H and Hi we have 



(4.4) 



[T(p),ffM(p)] = [ff«(p), #«>(?)] = 0, (1 < i,j < N), 



on the space C"(T) 



UJ (rp\W 
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By using the formula (A. 12), we can expand the operators T(p) and H^ l '{p) (1 < 
i < N) a,s the formal power series of operators w.r.t. the parameter p{= e 27rv ^ r ), 

oo 

(4.5) T{p) = T(0) + ^2T {j} (0)p> , 

jyw (p) = h {v > (o) + ^ #«•« (oy . 

We set z, = e^ Xi . The operators T(0), #^(0), T^>(0), and #«>tt>(0) are 



expressed as the combination of the rational functions of z\, z%, . . . , Zjsr and the 
a d 



polynomials of «,...«. 



Proposition 4.2. Let / 6e an element of CfP] 117 . TTien t/ie functions T(0)f, 
Ttf>(0)/, # (i) (0)/, and JfW,{J}(0)/ are elements of C[P] W for j G Z> x and 
1 <i<N. 

Proof. We prove H^'^(0)f 6 C[P] W . For the other cases, the proofs are similar. 

From the definition, the function H^''^'(0)f is symmetric and rational with 
respect to the variables z x , . . . , Zn ■ The possible poles of the rational function 
jjW>{i}(0)/ are z/. — Zfc' = (1 < A; < k' < N) and the degree of each pole is one, 
but it contradicts to the Weyl group invariance of the function H^'^(0)f. 

Therefore the rational function ffW'W(O)/ does not have any poles, and we 
have #«'{•»> (0) e C[P] W . D 

We notice that the operator 

(4.6) T(0) = AiW + A 2 

is the gauge-transformed Hamiltonian of the trigonometric Calogero-Sutherland 
model up to constants A\,A2, where 



i=\ x ' i<j 



3 \ "*« "-°J 



The joint eigenfunction of the operators ijW(O) (1 < i < N) is the Jacobi 
polynomial J\ (A G -P+). We denote the joint eigenvalue £^ by H^(0)J\ — 



E?J X . 
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Suppose /3 > 0. Let A, /i e P + . It is known that the condition E^' — E^' for 
all i G {1, . . . , N} is equivalent to A = /i. In other words, the joint eigenvalue is 
non-degenerate . 

From now on we will discuss the symmetry (self-adjointness) of the higher com- 
muting Hamiltonians. For this purpose, we will discuss the relationship between 
the expressions of the higher commuting Hamiltonians in (M) and the ones in (0). 

Following ( JJ], [| ) , we introduce the operators 

(4.8) I k = J2 2iiHk-2iY ^ " ^ Xl ~ X2 ^ X3 ~ Xa) ' ' ' 

o<i<[#] J) 'crew 

0X2J+1 OX 2 j+2 OXkJ 

where k = 1, . . . ,N, W is the Weyl group of -Ajv_i-type (iV-th symmetric group), 
a (f(xi,...,x N )) = /(vi(i),--->Vi(JV)) for CT e W, and u(x) = /3(/3 - l)p(x). 
The domains of the operators Ifc (fc = 1, . . . , AT) are the same as the ones of Tik 
(k = l,...,N). 

By a straightforward calculation, we have TL3 = I3 + CI\ for some constant C '. 
Applying Theorem 5.2. in (||), we obtain that the operators Tik (k — 1, . . . ,N) 
are expressed as the polynomial of ii, I2, ■ ■ ■ , In- 

Let R[Ji, I2, ■ • • , /jv] be a polynomial ring generated by I±, I2, ■ ■ ■ , In and ? be an 
involution on R[/i, I2, ■ ■ ■ , -T/v] such that ^F(xi, . . . , a; at) = F(—x\, . . . , — Xjv)- Then 
"•Ik = (—l) k Ik and '•Hk = (—l) k Hk- Hence Tik admit the expansion, 

(4-9) H k = J2 c Ju-,J m Ih---Ij m , 

jx<"-<jm 

where Cj li ....j m € K and if fe — (ji + ■ • ■ + j m ) & 2Z>o then Cj 1 ,,,,j m = 0. 
From the similar discussion, the operators Ik admit the expansion, 

jl<-<j m 

where Cj 1 ,....j m € K and if fe — (ji + ■ • ■ + j m ) £ 2Z>o then Cj lt ... t j m = 0. 

Lemma 4.3. We suppose (3 > N. For f,g £ C U (T) W , we have (H ( - k '>(p)f,g) A = 
(-l) k (f,H^(p)g) A (l<k<N). 
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Proof. Since (f,g) A = J T f(x)g(x)\A\ 2 d^ and H^ k \p) = A^HkA, it is enough 



to show J T (H k (f(x)\A\)j g(x)\A\dn = (-l) k J T f(x)\A\ (U k (g(x)\A\)j dp. We 
have the equality f T h(x)d[i — A J 0<x x <27rN h(x)dx\ . . .dxN for some non- 
zero constant A, which follows from the correspondence between the integration of 
the sZ n -invariant function and the one of the gl n . From this equality, the property 



(l.£), and the commutativity [Ij ± ,Ij 2 ] — (1 < ji,J2 < N), if we show 

(4.11) J (j fe (/(x)|A|)) g(x)\A\dx = (-l) k J f(x)\A\ (l k (g(x)\A\)) dx, 

where D = {(xi, . . . , xjv) S R^lO < X\, . . . , x^ < 2irN} and dx — dx\dx 2 ■ ■ ■ da; at, 
then we obtain Lemma [4.3| . 

U/3>N then the functions f(x)\A\,g(x)\A\ are C^-class. 



From the definition of C U (T) W (4.3), we have the periodicity f(xi, . . . ,Xi + 
2irN, ...,x N )= f(x u ...,x h ...,X N )(l<l<N)for f{x u ...,x N )e C"(T) W . 

We set f(x) = /(.t)|A| and g(x) — g(x)\A\. The functions f(x), g{x) are smooth 
on M. N except for Xi — Xj + 2nk — (1 < i ^ j < N, k £ Z). The behaviors of the 



functions f(x), g(x) around Xi — Xj + 2nk = are 0(\xi — Xj\@), i.e. . _ x .,p 



and 



g( x ) 



\Xi-Xj\f 



are bounded around Xi — Xj + 2nk = 0. 



From the expression of Ik (4.8), if we show 

(4.12) 

d d ~ \ 

u(x 1 - x 2 )u(x 3 -Xi)... u{x 2 j-i - x 2j )- ■ • . q — f(x) g(x)dx 

D \ OX2J+1 OX k J 

( d d \ 

f(x) u(xx - x 2 )u(x 3 - Xi) . ..u(x 2j -i - x 2j )- . . . - — g(x) dx, 

d \ ox 2j+1 dx k J 



for all j s.t. < j < [§], then we obtain ( 4.11 ) and Lemma 4.3 . 

The number (3 satisfies (3 > N > 2. Though the function u(x2i-i — x 2 i) = 
f3(/3 — l)p(x 2 i-i — x 2 i) (I — 1, . . . , j) have double pole along X21-1 — x 2 i + 2nk = 



(k G Z), the integrands of ( 4.12 ) are bounded around X21-1 — x 2 i + 2nk = 
from the properties f(x) — 0(\x2i-i — x 2 i\ 2 ) and g(x) — 0(\x 2 i-\ — x 2 i\ 2 ) around 
X21—1 — x 2 i + 2~nk — 0. Hence the singularities along X2i—\ — X21 + 2-7rfc = (I = 
1, . . . , j, k e Z) do not affect the integration. 
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Since the integrands of (4-12) are continuous, we can replace the range of inte- 



gration of both sides of ( |4 . 1 2[ ) with D' , where D' = {{x\, . . . xn) £ D\x 2 i-\ — x 2 i 

27rfc^0 (7 = l,...,j, fe€Z)}. 

It is obvious that 
(4.13) 

u(xi - x 2 )u(x 3 - Xi) ■ ■ ■ u(x 2j -i - X-2j)- . . . - — f[x) I g(x)dx 

D> \ VX2J+1 OXk / 

f d d - \ 
. . . - — u(xi - x 2 )u(x 3 - X4) ... u(x 2 j-i - x 2 j)f(x) g(x)dx. 

D> \OX2j+l OX k J 



By applying the integration by parts repeatedly, we find that the r.h.s. of (4.13) is 
equal to 

f d d 

{-l) k ~ 23 I u(x\ - x 2 )u(x 3 - X4) ■ ■ .u(x 2 j-i - x 2j )f(x)- . ..- — g(x)dx. 

Jd> ox 2 j+i OXk 

Here we used the periodicities on xi — > xi + 2ttN (I = 1j + 1, . . . , k). 



Hence we obtain fl4.12|) and Lemma |L5 



D 



Proposition 4.4. We suppose f3 > 0. Forf,g£ C U {T) W , we have (H^(p)f,g) A = 

{-l) k (f,H {k) {p)g)\ (1 < k < N). In other words, the operators (y/ = l) k ff (fc) (p) 
are symmetric on the space C U {T) W . 

Proof. It is trivial for the (3 = case. 

We assume > 0. 

Let f(x) £ (^"(T) 117 . Then H'- k '(p)f(x) is a polynomial in the parameter /3 of 
degree at most k and H^(p)f{x) £ C"{T) W . 

We set H^{p)f(x) = E.WiW- Then /,(rr) G C^T)^ (0 < 3 < k), 
because H^ k \p)f{x) £ C"{T) W for all (3. For /(re) and H {k \p)f{x), we set /(V) = 
W) and H(V(p)f(x) = E -=o iiM^'- 

We fix the functions f(x),g(x) £ C U (T) W . It is enough to show that the equa- 
tions {H {k) (j))f,g) A - {-l) k {f 1 H (k \p)g) A = hold for /3 > and 1 < k < N. 
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We set 

N 

T' = {(an, ...,x N )e R N \J2 x i = 0,0<x i -x j <27r(l<i<j< N)}, 



N 



T'= {(xi,...,x N ) eR N \^2xi = 0, 0<Xi-Xj <2ir(l<i<j< N)}, 

»=i 

ft(z) = (IWWM) 3W|A| 2 - (-l) k J{x)(H^(p)g( X )) |A| 2 , 
Ma;) = (#«&)/(*)) 9(x) A 2 - (-l)*/(xj (i? (fc) b)5(^)) A 2 . 

Then the equation (H( k \p)f, g)& — (~l) k (f,H ( - k \p)g)A = is equivalent to 
/ T ft (a:)djU = 0, where T = t)^/2nQ v . From the equation -^ J T ft (cc)cfyf = J T , ft 
(x)dfi, it is sufficient to show J r , h{x)d/i = 0. 

* o o 

We have h(x) =ft(x) on the domain T", because sin((xi — x j)/%) > on T' for 
i < j and the branch of the function sin ((xi — Xj)/2) is chosen to be a positive 
real number. For /?£ C, the branch of the function shr ((xj — Xj)/2) (i < j) is 
canonically chosen by the relation or = exp(/31oga) for a = sin((xj — Xj)/2) > 0. 
Hence it is sufficient to show the equation J T , h(x)dfj, = for j3 > 0. 

From Lemma |4.3|, J T , h(x)dfi = J T , ft(x)d/x = holds for (3 > N . 

From Proposition [OJ we have H {k \p)f{x) G C"(T) W when /(x) G 6^(7^ 
and /3 G C Hence the integral J T , h(x)dfi is well-defined if Re/? > 0. 

We fix Pq (Re/3o > 0). Since the function ft(x) is holomorphic in f3 and the 
functions ft(x) and JLh(x) are uniformly bounded in (x, (3) G T' x {/3'| |/3' — /3o| < e } 
for some e G M>o, the integral J T , h(x)dfi is also holomorphic at f3 = /3o (Re/3o > 0) 
by the Lebesgue's theorem. 

By the identity theorem, the equation J T , h(x)d[i — holds for j3 s.t. Re/3 > 0. 
Therefore we obtain the proposition. □ 

4.3. Perturbation. We start with the general proposition related to the pertur- 
bation method. 

Proposition 4.5. Let \y\, V2, ■ ■ ■ } be linearly independent vectors in a vector space 
V over R. Let Hj (fc G Z>o, i = 1, ... ,iV) &e linear operators on V such that 
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HI Vj = X^'-fimte d) j' %v j' f or a M *iii ^' We assume that there exists -E G R 
smc/i i/iai -ffj Uj = K Wj for all i,j and if ji ^ ji then there exists some i such 
that -E ^ Ej . Lef ( , ) be an inner product on V such that (vi, Vj) — Sij. Let 
Hi{p) :— X^Lq H} p k be formal power series of the linear operators and assume 
[Hi t (p), Hi 2 (p)] — for all i\,i<i £ {1, . . . , N} as the formal power series of p. Then 
there exists formal power series of vectors 

oo 

(4.14) v J (p) = v j + J2 E c \%'P k > 

k—l j' -.finite 

such that Hi(p)vj(p) = Ej(p)vj(p) and (vj(p),Vj(p)) = 1, where Ej(p) — EJ + 
SfcLi Ej Z p k * s a formal power series on p and the equalities hold as the formal 
power series of p. 

For each j , the normalized formal power series of the joint eigenfunction of the 



form (4-14) ^ unique. 



Proof. We introduce variables w\ , . . . , wn and set 

N N 

H{w,p) :=^2wiH t (p), E4i'H u J' '-^WiHiVj, 

i—1 j' i—1 



v J (p):=v j + 5ZD c S' v i'P*. 
fc=i j> 



oo N oo N 

Ej (w, P ) -.= j2 E i k} Mp k = E4 0} '^ +£E^ fe} W- 

fe = 8=1 fc=l 8=1 

The numbers d-2(w) and _E are given in advance. We will investigate the 

conditions for the coefficients of the formal power series Vj (p) and Ej (w, p) satisfying 
the following relations 

(4.15) H(w,p) Vj (p) = Ej(w,p)vj(p), (v J (p),v j {p)) = 1. 
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We set c- 1 — 8j ji By comparing the coefficients of Vj>p k , we obtain that the 



0,3' 



conditions (4.15) are equivalent to the following relations, 



(4-17) cg } = 




(4.i8) ^ } H = EE4r } 4yM-E4! 



We remark that the denominator of (4.16J) is non-zero by the non-degeneracy con- 



dition. The numbers cj ■{ and E^ (w) are determined recursively and they exist 
uniquely. We have recursively that for each j and k, #{j'| rf , 7^ 0} is finite and 



the summations in (4.16 - 4.18) on the parameters j' and j" are indeed the finite 
summations. 

At this stage, the apparent expression of the coefficients c, -, may depend on w. 
We will show that the coefficients cj { do not depend on w. We denote Vj(p) by 
Vj(w,p). 

From the commutativity of H{w 1 p) and H(w' ,p) we have 

H(w,p)(H(w / ,p)v j (w,p)) = Ej(w,p)(H(w',p)vj(w,p)). 



{o}< 



Since the vector H(w' ,p)vj(w,p) admits the expansion H(w' ,p)vj(w,p) = E- (w') r t 
0(p), we obtain the following relation from the uniqueness of the formal eigenvector. 

H(w',p)vj(w,p) . . 

s/f{w,w',p) 



where f(w,w',p) :— (H(w' ,p)vj(w,p), H(w' ,p)vj(w,p)) and l/y/f(w,w',p) is re- 
garded as a formal power series on p from the formula (o/q + Y^kLi a kP h )~ 1 ' 2 — 
a o 1 ( EiT=o ( „ j ( a o~ 2 EfeLi a kP k ) H ) ■ Therefore we have H(w',p)vj(w,p) = 



y/f(w, w' ,p)vj(w,p). On the other hand we have H(w' ,p)vj(w' ,p) = Ej(w' ,p)vj(w' ,p). 
By the uniqueness of the formal eigenvector whose leading term is Vj, we have 
Vj(w,p) = Vj(w',p). Therefore the coefficients cj , do not depend on w. 
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From (4.18), we obtain recursively that the coefficients of the formal eigenvalue 



E!j (w) are linear in wi, . . . , u>n- Therefore the numbers -E (fc G Z>i) are 

determined appropriately. □ 



Proposition 4.6. Proposition J^.L is applicable {or the A^-i-type elliptic Calogero 



Moser model by the following correspondence, 

Hi(p) ^ The commuting differential operator H^ 1 ' (p) , 
Vj <=> The normalized Jacobi polynomial J\. 

Proof. The finiteness of the summation H} Vj = Y]j, dS -,' Vf follows from 
Proposition 4^2 and the fact that the Jack polynomial forms a basis of C[P] . 



The non-degeneracy of the joint eigenvalues E j follows from the non-degeneracy 
of the joint eigenvalue of the Jack polynomial. □ 

Summarizing, we have the algorithm of computing the "formal" eigenvalues and 
"formal" eigenfunctions of the elliptic Calogero-Moser model of A^v-i-type by using 
the Jacobi polynomial. In the next subsection, we will discuss the convergence. 

4.4. Analyticity and the higher commuting operators. In this subsection, 
we will consider the spectral problem in the C"(T) ^-space for the A^-i elliptic 
Calogero-Moser model. We assume /? > 1. Since T is compact, we have C U (T) W C 
L 2 {T,A 2 dti) w . 

We will show the holomorphy of the eigenfunctions which we have found on the 
L 2 (T, A 2 d/j,) w space in section [|. After having the holomorphy of the eigenfunc- 
tions, we will justify the convergence and the holomorphy of the joint eigenfunctions 
of the higher commuting operators obtained by the algorithmic calculation, which 



we have explained in section 4.3. 



For this purpose, we need the following propositions. 

Proposition 4.7. For each eigenvalue a^ G o~(Hq) and eigenfunction J\ of the 
Hamiltonian Hq of the trigonometric model such that HqJ\ = aiJ\, there exists a 
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positive number pi such that the function Pi(p)J\ is holomorphic in (x\, . . .Xn,p) 

on the set B Pi , where the operator Pi(p) is a projection on the Hilbert space L 2 (T, A 2 dfi) w 



which was defined in section 3.1 and 



(4.19) B e ={(xi,...,x N ,p) £ r x K| \Imxj\ < e (J = 1, . . . ,7V), -e<p<e}. 

Proposition 4.8. For all eigenvalue a.; £ c{Hq) and Jacobi polynomial J\, we 
have 

(4.20) H^(p)F l {p)J x = Pi(p)H^(p)J x , (j = 1, .. . , N), 
when \p\ is sufficiently small. 



We will prove Propositions 4.7 and 4.S in the next section 



Remark For the A\ and (3 £ Z>i cases, and the A^ and (3 — 2 case, Proposition 



4.7 is obvious from the construction of the eigenfunctions via the Bethe Ansatz 



method (0). □ 



We fix the eigenvalue a^ £ a(Ho). From Propositions 3.1, 4.7, and 4.8, if \p\ 
is sufficiently small then the operators H^> (p) act on the finite dimensional space 
Vi{p), where 

(4.21) Vi(p)= J2 CP t (p)J x . 

and we have V l {p) c C U {T) W . 



From Proposition 4.4 , the higher commuting operators (V '— 1) J H^' (p) (j = 
1,...,N) are symmetric both on the space C U (T) W and the finite dimensional 
space Vi(p). The joint eigenvalues are real- holomorphic w.r.t the parameter p and 
the operators (y/—iyH^(p) are simultaneously diagonalizable in the space Vi(p) 
if \p\ is sufficiently small and pgl. The joint eigenfunctions are holomorphic on 
the domain B e for sufficiently small e £ M>o- 

Therefore the joint eigenfunction oiH^(p), . . . , H( N *>(p) admits the holomorphic 
expansion in the variable p. 
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Since the joint eigenvalues of H^(0), . . . , H^ N \0) are distinct, the expansion is 
unique up to the normalization. (See section 0^3.) Hence the perturbation series 



which is obtained by the method introduced in section 4.3 converges holomorphi- 
cally and coincides with the eigenvalue and eigenfunction which is obtained by 
diagonalizing the finite dimensional space Vi (p) . Summarizing, we have 

Theorem 4.9. For the An—i and j3 > 1 cases, the perturbation expansion of the 



commuting operators H^'(p), . . . ,H^ N '{p) which is performed in section (.& con- 
verges holomorphically and defines the eigenfunction which is holomorphic when 
\ImXj\ (J = 1, ... , N) and \p\ (p £ R) are sufficiently small. The joint eigenvalue 
is holomorphic in the parameter p(<C 1). 

Remark It was pointed out by Prof. T. Oshima that the real-holomorphy of 
the square-integrable eigenfunction ip( x ) (i- e - T(p)^){x) — E(p)ip(x), ip( x ) € 
L 2 (T, A 2 d[i) w ) is also obtained by the following argument. 

From the ellipticity of the operator T(p) and the Weyl's lemma, we have the 
real-holomorphy of the eigenfunction ij){x) on the domain T = T\T' , where T" := 
{(xi, . . . , Xjv) € r|3(i ^ j),$i = Xj}. Next we consider the analytic continuation 
of the function ip(x). The equation T(p)ip(x) — E(p)ip(x) has regular singularities 
along Xi — Xj (i ^ j), and the exponents at the singularity are (0,-2/3 — 1). It 
follows that the function ip(x) is holomorphic along x, — Xj — from the property 
ip(x) £ L 2 . Hence we have the real-holomorphy of ip(x) on T. □ 

5. Proof of Propositions [O] and 

In this section, we assume that the root system is of the Ajv-i-type. 

For A e P + and j = 1, . . . , N - 1, we set m\ = Y.^ewx e ^^ h) and e ^ = m ^i > 
where Aj is the j'-th fundamental weight. For A = X^i-^j Q ^ ^>o, ij € 
{1, . . . , N — 1} (j = 1, . . . , I)), we set e\ = Y\ j=1 eA t . ■ Then we have e~\ = e\> on 
f)*, where e M is the elementary symmetric function for the partition /i defined in 
the Macdonald's book (H, p. 20) and A' is the conjugate of A. 
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We set 

oo 1 ^ 

t(x, P ) := $>(*)/ := p(x) - j-^ + Tr 

k—l v ' J 

which converges uniformly on a strip around K x [— e, e] for < e < 1. 



From the formula (|A.13| ), we have 



(5.1) t k (x)=-2j2j(cosjx-l). 

Here, j\k means that the positive integer j is a divisor of k. 

Lemma 5.1. For a real number c such that c > 1, there exists a positive number 
a' such that \tk{x)\ < a'c k for all i£l. 



Proof. Let tk be the sum of all divisors of k. By the formula (5T), we have |ifc(a;)| < 
Atk < 4fc 2 . Since the convergence radius of the series ^k 2 p k is equal to 1, the 
convergence radius of the series ^2 tkP k is equal to or less than 1 . Therefore we 
have the lemma. □ 



The operator W(p) defined in ( p.l|) has an expansion in terms of p given by W(p) = 
Sfcli T^p k , where T^ k ' is the operator of multiplication by the function T^ k \h) := 
E .r f3{(3 — l)t k ((a, h)). For each p <G (1, —1), the series Y^kLi T^p k converges 
uniformly on f)n: 

Proposition 5.2. For a real number c such that c > 1, there exists a positive 
number a such that \\T^ k '\\ < ac k . 

Proof. It follows from Lemma [5.l| and the inequality 

(5.2) I |rW/| 2 A 2 d/i < sup \T^ k \h)\ 2 f |/| 2 A 2 ^ 
Jt her Jt 

U 

Lemma 5.3. The function X^aeA tk((a,h)) admits the expansion, 

(5.3) ^2 t k ((a,h))= ^2 C ^"V 
«e A + tJ.eQnP + ,\ii\<V2k 
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Proof. From the formula ( |5.l| ), we have 

£ t k ({a,h))=- 5^ £j(e^>+e-^-2) = -^2 J ( mj6 -l), 

where 9 is the highest root of the root system -Ajv-i- Since |0| = \/2 and jO G QnP+, 
we have the lemma. D 

Sublemma 5.4. Let J\ be the A^^i-Jacobi polynomial. We have 
(5.4) J\e\ r = ^ c v Ju, 

for some constants c v . 

Proof. This follows from the Pieri formula (M, p. 332 and section VI. 10.). D 

Sublemma 5.5. Let I be a positive integer. Assume ij G {1, ...,7V— 1} and 
Wj €W,(j = l,..., I). We have \ Y! j=1 ^(A*,)| < I Ej=i A ^l- 

Proof. It is sufficient to show (A + /x, A + /x) > (A + w{ji), A + w(n)) for A, /x G -P+ 
and w G W. This inequality is equivalent to (A, /x — w(fi)) > 0. From the property 
/x — w(/x) G Q+, we have (A, /x — itf(/x)) > 0. □ 

Sublemma 5.6. J/ A, /x G P+ and A — /x G Q+, i/ien we /iaue |A| > |/x|. 

Proof. Immediate from the equality (A, A) — (/x, xx) = (A — /x, A + /x). □ 

Sublemma 5.7. (pL p.i?0) TTie monomial symmetric function m\ has the expan- 



(5.5) m x = e\+ ^ Z v e v , 

i/£P + ,A-i/eQ + \{0} 

/or some constants c v . 
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Lemma 5.8. We have the expansion, 



(5.6) Ja"V = ^ c v J v , 

vep+,\v-\\<\n\ 



for some constants c„ . 



Proof. First, we expand m M by using Sublemma 5.7. Then J\m^ is expressed as the 
linear combination of J\e u , where v G P+ and fj, — v G Q+. We set ^ = Y] ■_ 1 Aj. 

('ez>c, i i e{i,...,A'-i}(j = i,-..»0) 

We repeatedly apply Sublemma for Jac„. Then J A e„ is expressed as the linear 
combination of J„i, where v' = A + X^=i ^jC^fy) f° r some Wj G W (j = !,...!). 



From Sublemma 5.5, we have \i/ — A| < | Xw=i ^ I = I 1 ' I- Applying Sublemma 



for /i and r/, we obtain Lemma p^q. D 



Proposition 5.9. Let \p\ <land\eP+. Write (J2T=i T (k) p k )J\ = E M eP + ,A- M eQ h^J^ 
where J\ is the normalized A^-i-Jacobi polynomial. For each C such that C > 1 
andC\p\ < 1, there exists a number C" G R >0 such that \i x ^\ < C"(C|p|)(l A -H+i)/2V2 
for all jjl G P+ . 



Proof. Since the normalized Jacobi polynomials form the complete orthonormal sys- 
tem with respect to the inner product (, )a, we have i\^ = ((EfeLi T^ k 'p k )J\, J p )a- 
We fix A,/i G P+. Let to be the smallest integer which is greater or equal to 



|A — \i\j\f2. If k < to, then we have (T^p k J\, J m )a = by Lemmas 5.3, 5.8 and 
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the orthogonality. Therefore we have 
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l*A,. 



(J„C£T^p k )Jxh 



fc=l 



(J„(J2T {k V)Jx)A 



k—m 
oo 



Y, Y, tk((a,h))p k J x J^A 2 d^ 



T 



< sup 



2 J2 t k ((a,h))p k 

k=m adz A 4- 



|J A J M A 2 |rf^ 



^feMJ^-1)^^ 



fe>T 



\JxA\idn 



|J M A| 2 d M 



< 



fc«(fc - 1)JV(JV - 1) 



E**W 



k>r 



k a (k a -l)N(N-l) 



Similarly, we have |i A)A | < "-V*.-^"-V J2 k ^t k \p\ k . 

Since the convergence radius of the series ^2 n t n p n is equal to 1, we obtain 
that there exists a number C" € K>o such that |t A , A | < C"(C\p\) and \t\ tlJ \ < 
C"(C|p|) |A ~^ l/v/I for A^fi. Hence we have the Proposition. □ 

Proposition 5.10. Let D be a positive number. We suppose dist(£, cr(Ho)) > D. 



Write (T(p) - _1 J A = T,J\,^, wher e (T(p) - C) _1 is defined m (31). For 



each A € -P+ and C € M>i, </iere exists C £ K>o anrf Po S ^>o which do not 
depend on £ ('ftui depend on D) such that t\^ satisfies 



(5.7) 



|*A,„| < C"(C|p|)&#, 



/or aH p, /z s.i. |p| < po and M G -P+- 

Proof. Let us recall that the operator (T(p) — C) _1 is defined by the Neumann series 

&■ 

We fix the number D(e R >0 ) and set X := (£- #o) _1 (Efcli T^p k ). From the 



expansion (p.q) and Proposition 5.2, there exists a number pi S R>o such that the 
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inequality ||X|| < 1/2 holds for p (\p\ < pi) and C (dist(£ a{H )) > D). In this 
case, we have dXo x 0(#o - C) _1 = (T(p) - C) _1 - We write XJ X = Y.„.K*h- 
For the series ^ p c a<^; write E M C ^A = (#0 - C) _1 E M c m^- We have V^\ < 
D~ 1 \c l i\ for each pi. Combining with Proposition |5.9| , we obtain that for each C 
such that C > 1 and ^j^-pi < 1. there exists C" € M>o which does not depend on 
C but D such that |i A J < C"(^±i|p|)(l A -^ +1 )/ 2 ^ if |p| < Pl . 



To obtain Proposition 5.10, we use the method of majorants. 



We introduce the symbol e A (A € {jj) N ) to avoid inaccuracies. We remark 
that P+ C {jj) N . We will apply the method of majorants for the formal series 
E^e(«.)w c M e M instead of E pe p + c M e M ■ 

For the formal series Eue( — 1™ c M e A" we define the partial ordering < by the rule 

£ c«e„< E ^ ^V/x, |#>|<|cW|. 
We will later consider the case that each c/, (/i € (^■) JV , i — 1,2) is expressed 

(2) 

as the infinite sum. If one shows the absolute convergence of cjj for each /i, one 
has the absolute convergence of cju for each /z by the majorant. 

We set Xe\ = V t^e,,, where the coefficients £ AiM were defined by XJ\ = 

Our goal is to show fT7| ) for £ A>M s.t. ^t^J,, = (ESo^ l )(^o - C) _1 ^A- 
Since (# - C) -1 -^ = (£\ - C) _1 Ja and |(S A - C) _1 | < D~ l , it is enough to show 
that there exists C* £ R>o and po £ R>o which do not depend on £ (but depend 
on D) such that t* x is well-defined by EfcLo ^ fee > = *a u e M an< ^ satisfies 

(5.8) |tA,J<^(Cbl)^, 

for all p, /j, s.t. |p| < po and ^t G P+. 
We set 

ye A := E ^,M e M := ^ C " ( ~ 2~ P ) e ^' 
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v^JV (jgj-Ajj+jj 

Ze x := ^ «A,i»e„:= ^ <7 /__ p j e|l . 

We have the inequality 

*e A <ye A <Ze A . 

Let fc € Z>i. If the coefficients of Z k e x w.r.t the basis {e M } converge absolutely, 
then the coefficients of the series X k e x and Y k e x are well-defined and we have 

X k e x <Y k e x <Z k e x . 

From the equality Z k e x = E„(i),..,,(n) ^A.t/W^W^W •■ -^(fc-i),^ and the prop- 
erty z A:M = z ,^ x , we have 

^ fe e A = V ^rr/ •••/ 

2J zo,^ 1 . . . s^ s^ 1 Ml 1 . . . s^™ MN 1 ds 1 . . . ds N e^ 

K ,—(vi,...,v N )ez*' J 

k 



2 c /i ■ 






Set p = (^±ip)2«v^ ; we have 

oo 

fc=l 

oo N / \ fe 

= E E rawni , , En^ 

fc=i M ,A- M ez« ^ Z7rv ^ i=i •'1*1=1 V^z / 

* e 7OT7ni ll E(E<c")*^ i+i, <) t » 



>V Pl rfsje^ 



/^,A-^eZ N 



where 

(5.9) Z A , 



" (27r A /=T)^fJj f | Si | =1 (l-jwoa-par^-cco^Cp-p 8 )' 



Remark that we used the inequality YlkLi Yli=i( a i) k — lli=i Sfe!Li( a i)' c f° r < 

<?-<? 3 

(l-grrJtl-g^- 1 )- 



01, . . . , ajv < 1 and the formula J2 n ez 9 |n|+1 ^" = (i_Jri- ;i -i) - Tne equality (|^ 
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makes sense for p < p2, where P2 is the positive number satisfying the inequalities 
P2 < 1, ^"ittY^ < l and (C")lrp 2 < 1. 

Therefore each coefficient of J2T=i Z k e\ w.r.t the basis {e M } converges abso- 
lutely. Hence the following inequality makes sense, 

oo oo 

^* fe e A <e A + ^Z fe e A <e A + ]T Z K ^. 

k=Q fe=l fi.A-^eZ™ 

Let s(p) be the solution of the equation (1 — ps)(l — ps^ 1 ) — (C")~(p — p 3 ) = 
on s satisfying \s(p)\ < 1. Then s(p) is holomorphic in p near and admits the 
expansion s(p) = p + C2P 2 + . . . . We have 

(5-10) ^-J „ .^*. V Z^t. „ -HWSf*. 



(2ttV^T) 7j s | =1 (1 -|i«)(l -p«-i) - (C")-(p-p 3 ) 
where f(p) is a holomorphic function defined near p — 0. For the n > case, we 
have the relation (|5.1C| ) by calculating the residue around s = s(p). For the n < 
case, we need to change the variable s — > s and calculate the residue around 
s = s(p). 

The coefficient of e^ on the series X^feLo X k e\ satisfying A — ji G" Q has to be zero 



from the definition of X. By the inequality \s(p)\^ + '" + ^ N ^ < \s(p)\^"* + "' +u ", we 

have 
oo / n \ 

fc=0 /j,A-/iGQ \i=l / /j,A-/jSQ 

for |p| < pz and P3: a sufficiently small positive number. 

1 
Combining with the relation p = (^j^p) 2JVV ^, the inequality ^yi < C, and the 

expansion s(p) = p + c 2 p 2 + ■ ■ . , we obtain (|5 .8|) and the proposition. D 



Proposition 5.11. Let a,i G o~(Hq) and Ti be a circle in C which contains only 
one element ai of a (Ho) inside it. Let A G P + satisfying HqJ\ — aiJ\. 

We set Pi(p) = -5^3T IrS f (p) - _1 ^C and write P l {p)J x = £ M s A , M J M . 

For eac/i C € R>i, There exists C G R>o and p* G R>o swc/i t/iat s Aj/i satisfies 

(5.11) |«a i mI<C / (C|p|)&#, 
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for all p, jj, s.t. \p\ < p* and \jl e P+. 

Proof. Since the spectrum cr(-ffo) is discrete, there exists a positive number D such 
that inf Ceri dist(C, <r{H )) > D. 

We write (T(p) — ()~ 1 J\ = ^ t\^{C,)J^. From Proposition 5. 1C| , we obtain that 



for each C S R>i, there exists C* € R>o and p* g M>o which does not depend on 
C(€ Ti) such that |t AiM (C)| < C*{C\p\)™& for all p, \i s.t. |p| < p* and p e P + . 

Let L be the length of the circle I\ and write — - — K= f r (T(p) — Q~ l d£J\ = 
S m s A,m^"' B y integrating X^*a,m(0-^ over the circle T,, we have |sa, m | < 

[A-j£] 

^rC*(C|p|) 2«V5 for all p, jit s.t. |p| < p* and ^e P+. 



Therefore we have Proposition 5.11 



□ 



Proposition 5.12. Let p <G P+ and c M be a number satisfying |c M | < a|p| 6 ' M ' (|p| > 
M) /or some a, 6 > and M € Z. TTie function Y] c^J ^ is holomorphic when 
\Imxj\ (j = 1, . . . , TV) and |p| are sufficiently small. 



Proof. Since 2j 



-lXj 



, it is enough to show that the function y\ ( c^J^ is holo- 



morphic when |p| is sufficiently small and 1/2 < \zj\ < 2 (_/ = 1, . . . , N). 

We count roughly the number of the elements of P+ of a given length. The 
rough estimate is given by #{A e P + | (A|A) = 1} < (21N) N . We will use this in 



the inequality ( |5.12|) 



In the proof, we will use the notations and the results written in section A..1. In 



section A..1, there are parameters r and Cq- We fix r = 2 and Cq = 2. There is 



another number A defined in section A.l 
We have 



(5.12) 



^2 C,j,Jfj,(Zi,...,Z N ) 



/*eP+.lel>M 

l/2<|i i |<2 



< J2 obl^lJ^x,...,^)! 



m£-P+,ImI>m 

l/2<\z i \<2 



< ^ aA(2niV) A '(2( JV - 1 ^+ v ^l-l^^ 

n>M,n6Z/JV 



>l 6 )^ 



:Vl 
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by the formulae ( |A.2[ ), ( |A.11[ ). 

If 2^ N ^ l ^ 2+ ^ N \p\ b < 1 then the bottom part of the inequality converges. We 
choose a positive number po which satisfies 2( N ~ 1 ^ 2+ ^ N p b < 1. Then the se- 
ries \J2u£P |u|>M c ^Jfj.( z i^ ■ ■ ■ i z n)\ is uniformly bounded and uniformly abso- 
lutely converges for \p\ < po and 1/2 < \z+\ < 2 (i = 1, ...,N). Since the 
functions J^{z\, . . . , zn) are holomorphic, we have the holomorphy of the function 
XL c ^J^{ z ii ■ ■ ■ i z Jv) by the Weierstrass's theorem. D 



Combining Propositions 5.11 and 5.12, we have Proposition 4.7. 

From Propositions 5.10 and 5.12, the function (T(p) — £) _1 Ja is real-holomorphic 
on (xi, . . . ,Xn) if M is sufficiently small. From Proposition |4.1| , the operators 
H^\p) (j = 1, . . . ,N) act well-definedly on the function (T(p) — £) _1 Ja and we 
have H^(p)(f(p) - Cr 1 J\ G C"{T) W . It follows from the commutativity of the 



operators f(p) and H {j \p) (|4~4 ) that 



ff«(p)J A = H^(p)(f(p) ~ C)(f (p) - C)- 1 Ja 

= (f(p)-C) J ff (j) (p)(f( P )-C)- 1 JA. 

Hence we have H^(p)(f(p) - C)" 1 Ja = (T(p) - Cy 1 H^(p)J x . 

By integrating it on the variable £ over the circle T^, we have H^> (j))Pi{p)J\ 
Pi(p)H&(p)J x . 



Therefore we have Proposition 4.8 



Appendix A. Jack polynomial and special functions 

A.l. Jack polynomial and An i-Jacobi polynomial. We will see the relation- 
ship between the Jack polynomial and the Ajv^-Jacobi polynomial. 

Let Mn be the set of partitions with at most N parts, i.e., M.n '■= {A = 
(An . . . ,Ajv) I A, - A m G Z> , {i = l,...,N-l),\ N e Z> }. We set M N := {A = 
(Ai, ■ ■ ■ ,Ajv) G -^iv I Aw = 0}. The Jack polynomial J x {zx, . . . , zn) (A G -Mat) 
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is a symmetric polynomial of variables (zi, . . . , zn) which is a eigenfunction of the 



gauge-transformed Hamiltonian Ho (4-6). 

Let m\ be the monomial symmetric polynomial. The Jack polynomial admits 
the following expansion, 

(A.l) J\ = ml + J2 u >w m l> 

where the dominant ordering of M.n is given by A ■< fi <^> J2j=i Aj < J2j=i A* ■ (* = 

We see the correspondence between the Jack polynomial and the ^4jv_i-Jacobi 
polynomial. Let J?(zi, . . . , Zn) (A G ■Miv) be a Jack polynomial. We set |A|* = 
EiliAi and A = X^i(Ai - |AU/iV)e 4 . Then A e P + , where P + is the set of 
dominant weights of type Apr— i- The function (z\ . . . zn)~'-'*' n J^(zi, . . . , zjy) is 
precisely the ^Ar-i-Jacobi polynomial J\. 

By this correspondence, the Jack polynomial J^(^i, ■ ■ ■ , Zjv) (A G -Mjv) corre- 
sponds with the Ajv-i-Jacobi polynomial J\ (A £ P+) one-to-one. 

Let A be an clement in M° N and A be the corresponding element in P + . Since 
(A|A) > {\ x - |A|,/iV) 2 + (IAU/7V) 2 > (A 1 ) 2 /2 > ^0^, we have 

(A.2) \XU<(N-l)y / 2(X\X). 

Let us remind the Cauchy formula for the Jack polynomial. 

(A.3) J] {1-kX^)-^ J2 ^ U JI(X)JI(Y)j,\ 

l<i,j<N \£M N 

where 

(A ' 4) °- JA= S«(-)+W»)+/3- 1 ' 

due to /3 > 1. a(s) is the arm-length and Z(s) is the leg-length. 

Since p. 379 of Macdonald's book (||), we have J\ = m\ + XL^a u Am to m w ^ n 
u\p > if > 0. Hence we have 

(A. 5) J\ = m\ + ^ u a m «V, 

\-fj.eQ+ 
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with u\fj, > 0. Let r be a real number greater than 1. 



Iil/r < \ Zi \ <r for all i then \m x (z 1 ,...,z N )\ < rSf=i K A l^)l mA (l) < r\ /N( - x ^m x (l). 
Therefore we have 



(A.6) < \J x (z)\ < rV^^)j A (l) 

on 1/r < \Zi\ < r for all i. 

By setting Xi = Yj = 1 in ( |A.3| ), we have 



(A.7) (1- K )-? N2 = £ *" c « = E ^(Ifrl 1 ' 

nSZ> AgA-Ijv 

where c„ = rffljv^+i'iri' +iv ^ or eacn /3 > 1 and Co > 1, there exists a positive 
number A such that c„ < A 2 C^ n for all n € Z> . Thus 

(A.8) J^(l) 2 < J] Jl{lf^ l <A 2 Cl n . 

|A|*=n 



By the inequality (A..2), we have 



(A.9) lAaJKAG^^ 5 ^. 

The square of the norm of J x is 

(A - 10) i|Ja " \} 3 m-^m-ti+D 

, where & = A 4 + /3(iV - i). (See (§ p.383)) If /3 > 1 then we have || J||| 2 > 1 
because of the convexity of the function logT(a;). Therefore we have || Ja|| 2 > 1. 
Generally we have for r > 1 

(A.ll) max \J x (z)\ < max \J x (z)\ < AC^^^^r^^, 

l/r<\zi\<r l/r<\z,\<r 

where J\(z) is the normalized ^47v-i _ J ac °bi polynomial. 

A. 2. Special functions. We define some functions needed in this article. 

oo 

(A.12) 0i (a;) := 2 ^(-l)™" 1 expfrTrv 711 !^ - 1/2) 2 ) sin(2n - l)irx, 



(*) := % 



(,;) 



?[(0) 
(s;wi,W8):=^+ E A(z + 2mui + 2raw 3 ) 2 ~ (2mui + 2nw 3 ) 2 ) 



(m,n)\{(0,0)}GZ 2 
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p(x) := p(x;tt,ttt). 

We have 

(A. 13) p(x) = 5- — — — — - — 2 > (cosna; — 1), 

V ' 5 V ' 4sin 2 (x/2) 12 ^1-P" 

where p = exp(2r7rV — !)■ 
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